The process of pursuit and escape underlies many biological phenomena ranging from predator-prey interactions, combat and sporting activities. Time delays, τ , arise as a consequence of the time taken to identify the opponent, formulate a strategy, and then act upon it. Here we consider virtual stick balancing (VSB) as a delayed pursuit-escape task. The movements of the target in VSB are programmed to resemble those of balancing a stick at the fingertip. A model of delayed pursuit-escape is developed by assuming that the target movements are governed by a simple random walk and the movements of the pursuer by a delayed random walk biased towards the target when τ = 0. When τ > 0 the movements can become transiently biased away from the target. The model reproduces the oscillatory dynamics and statistical properties of VSB. For both model and VSB, transients occur in which the pursuer moves inappropriately causing increases in tracking error. The presence of a signature, or trigger, for impending escape suggests the possibility that escapes can be predicted before they occur.
Introduction
It is remarkable that humans can often successfully track targets which are moving along complex and rapidly changing trajectories [1] . Indeed humans learn to perform these tracking tasks better than other primates [2] , even when additional time delays are added to the visual feedback [3] [4] [5] . However, little attention has been given to the identification of the mechanisms which cause the tracking mechanisms to fail.
An experimental paradigm well suited for the investigation of complex visuomotor tracking tasks is virtual stick balancing (VSB) [6] [7] [8] [9] [10] . VSB requires a subject to track a target that moves on the computer screen by a dot that moves under the control of a computer mouse. The movements are programmed to mimic the dynamics of an inverted pendulum. Consequently the fluctuations in the tracking error can be exceedingly complex and, in particular, the presence of power law behavior has been emphasized [6, 7, 9, 10] . The advantage of VSB is that relevant parameters, such as task difficulty and the length of the time delay, can be easily manipulated.
There have been two approaches to model VSB dynamics. The first approach interprets the dynamics within the framework of the stabilization of an unstable fixed-point with time-delayed feedback in the presence of noisy perturbations [6] [7] [8] 11] . In this way attention has been drawn to the anticipatory potential of delayed feedback [1, 12] , the stabilizing effects that arise from the interplay between noise and delay [13, 14] , and the nature of the mechanisms that generate the power law behavior [9, 10, 13, 15] . However, the nature of the mechanism(s) by which control suddenly fails causing a target whose movements had been apparently well controlled for 10's of second to suddenly escape off the computer screen remain unclear. Do these escapes arise from temporary lapses in attention or an ill-timed eye blink or do they arise dynamically, perhaps from the interplay between time-delayed feedback and noisy perturbations [16, 17] ?
Recently, a second approach has been suggested which considers VSB as an example of a delayed pursuit-escape task [18, 19] . In this approach the dynamics are modeled by using simple and delayed random walks (see Appendix). The advantage of this approach is the potential for greater analytical insight into the dynamics. Here we employ numerical simulations of a simple delayed pursuit-escape model for VSB to demonstrate that the orderly interplay between the movements of the pursuer and escapee can intermittently go awry. It is shown that qualitatively similar phenomena occur immediately preceding an escape in VSB. The existence of a dynamical signature for impending escape suggests that escapes may be predictable. Since models based on an inverted pendulum arise in the description of human balance control [11, 20] and the stabilization of cortical activity [21] , the possibility of predicting the occurrence of, respectively, falls and epileptic seizures has important implications.
Methods

Subjects
This study was approved by the institutional review board at Claremont McKenna College in accordance with the currently applicable U. S. Public Health Service Guidelines. All participants provided informed consent for all research testing. Data was collected from 14 healthy subjects between the ages of 18 and 24.
Virtual stick balancing
The VSB software was written in VisionEgg [22] . The subject's task is to move a computer mouse (400 dpi) in order to keep both the mouse position (cursor) and that of the target (dot) on the computer screen (20-inch CRT monitor with a 75 Hz refresh rate) as long as possible. The movements of the target are described by
where R is an adjustable parameter and x d , x c are, respectively, the vectorial positions of the target and cursor. The difficulty of the task is controlled by R: the larger R, the greater the rate of escape as the tracking error increases, and the more difficult the task. Values of R are not directly comparable between different hardware-software implementations of VSB (compare [6, 7] with [9, 10] 
Training protocol
The training protocol was similar to that described previously for stick balancing at the fingertip [17] . The experiments were performed for two values of R determined on Day 1 for novice stick balancers. We chose R based on the mean survival time, t s , determined from at least 5 trials. The low difficulty task corresponded to a value of R (2.5) for which subjects could easily maintain VSB for at least 300s. This value of R reproduces the survival times obtained for novice subjects reported in [9, 10] . The high difficulty task corresponded to a value of R for which t s was similar to that determined for balancing a ∼ 0.56m stick at the fingertip (mean 25.7s (range 11.2-50.4s) for VSB versus mean 13.9s (range 2.8-16.7s) determined for 25 subjects doing real stick balancing [17] ). These values of R were determined for each subject (mean 5.25 with range between 4.9 to 5.5) and were not subsequently changed. In what follows we refer to all six subjects as R ∼ 5.25 and the actual R value when referring to an individual subject. Subjects were then required to practice VSB on 7 days over a 2 week period: on each practice day they accumulated at least 8 minutes of balance time. As can be seen in Fig. 1 , subjects on average increased t s by ∼ 3-fold (for stick balancing at the fingertip an ∼ 10-fold increase in t s is typically observed [17] ). On the day after completion of this training period, subjects were required to accumulate 8 minutes of balance time for R = 2.5 and R ∼ 5.25 on the same day.
Statistical tests
The tracking error, E(x, y), between the position of the cursor and target was calculated as
where, respectively, x c , x d , y c , y d are the x and y coordinates of the cursor and target (dot). The empirical cumulative distribution function (ECDF), its complimentary CCDF given as CCDF = 1 − ECDF , power law exponents and their statistical significance were determined using available MATLAB programs. The programs related to power law determination and significance were downloaded from http://tuvalu.santafe.edu/˜aaronc/powerlaws/ and were developed by Clauset and his co-workers [23] .
Delayed pursuit-escape random walk model
The target is modeled by a simple symmetric random walk, and the probability that it is at position y at time t, P t (y, t) is governed by [19] P T (y, 0) = δ y,0
The role of stable feedback is introduced by assuming that the movements of the cursor are those of a delayed random walker whose movements are biased towards those of the target. The probability, P c (x, t), that the position of the cursor is at position x at time t − τ steps in the past is
where β = 2d/a (see Appendix: we set a = 10), P (x, t; y, t − τ ) is the mixed joint probability with the target at the position y at t − τ and the mouse at the position x at t. Noise enters into the delayed random walker at two levels: the perception of the movement and in the motor response to the perceived error. Since the target and the mouse each move ±1 each step, the tracking error is ±2n, where n is a positive integer. When τ = 0 the mouse is biased to step towards the target. However, when τ > 0 the dynamics become more complicated since it can happen that the mouse can be transiently biased away from the target. Figure 2 compares the time series of the tracking error for R = 2.5 and R = 5.4 for one subject. In both cases, the time series have a burst-like character suggestive of intermittency. For R = 2.5 ( Fig. 2a) the subjects reported that the task posed little difficulty. In this case the subjects were asked to stop the task voluntarily at ∼ 5 min. in order to minimize fatigue. For R ∼ 5.25 (Fig. 2b ) the target always eventually escaped from the computer screen no matter how skilled the subject became. As can be seen there was considerable trial-to-trial variability in the time before when the escape occurred. Figure 3 compares the movements of the mouse cursor (pursuer) and target (escapee) for the delayed pursuit-escape random walk model when β = 0.5 (Fig. 3a) to that observed for VSB when R = 2.5 ( Fig. 3b) and R = 5.4 (Figs. 3c and d) . The oscillatory inter-relationship is suggestive of "over-control" by the movements of the mouse cursor (pursuer) under the influence of a timedelayed tracking task. However, this orderly oscillatory inter-relationship is not always observed. In the delayed pursuit-escape model there are occasional instances when the pursuer moves in an unexpected manner that increases E(x, y) (indicated by up and down arrows in Fig. 3a) . Qualitatively similar unexpected movements of the mouse arise in VSB (see the up and down arrows in Figs. 3b,  c and d ). An inappropriate movement of the mouse (pursuer) increases the tracking error. The consequence of this increase in E(x, y) depends on the context. In the delayed random walk model, such movements have little consequence since no mechanism for escape is provided. Also, we do not have a mechanism of inertia built into our model, which may account for some strong over-controls as seen in experiment. This extension of the model is left as a further research issue. When R = 2.5, a transient increase in E(x, y) can lead to further increases in E(x, y) given the inverse quadratic nature of the potential. However, since the movements of the mouse cursor are fast enough it is possible for the subject to regain control of the escaping target. Finally when R = 5.4 transient increases in E(x, y) lead to further increases in E(x, y) for which the mouse cursor movements are not fast enough to overcome. In these cases the target rapidly escapes off the computer screen. Figure 4 compares the log-log plot of CCDF versus E(x, y) for R = 2.5 and R ∼ 5.25 for six subjects who completed this task and Fig. 5 compares the log-log plots of VSB to those generated by the delayed pursuit-escape model.The CCDF for R = 2.5 in Fig. 4 resembles that reported previously [10] In Fig. 5 we plotted CCDF versusÊ = E(x, y)/E(0.5), where E(0.5) is the tracking error for which CCDF = 0.5, to facilitate comparisons. ForÊ < 10 1 , there is good agreement between our model and VSB, particularly when R ∼ 5.25. This is likely because we truncated the records when R ∼ 5.25 to remove the movements associated with target escape. The departures between the delayed random walk model and VSB become more apparent forÊ > 10 1 , particularly when R = 2.5. The largerÊ observed when R = 2.5 arise from corrected movements made as the escaping target is brought under control. 
Results
Discussion
VSB is a special case of delayed pursuit-escape in which the contest involves the nervous system (subject) and an unstable, randomly moving escapee. Our focus concerns the mechanism by which escapes occur. One possibility is that the subject at some point becomes inattentive. However, we were not able to identify a causal relationship between periods of inattention or eye blinks (data not shown) and the occurence of an escape. Thus we considered that the intermittently large tracking errors occur as an intrinsic component of the tracking dynamics. Indeed transient inappropriate movements are observed both in the delayed pursuit-escape model and for VSB when R = 2.5 and R ∼ 5.25. When the VSB task becomes sufficiently difficult these dynamically produced transient tracking errors always resulted in an escape. The bursting nature of the tracking errors observed for VSB (Fig. 2) suggests that the mechanism of escape might be related to the dynamical phenomenon of intermittency. In this interpretation, escape would be associated with the less probable, large tracking errors which are large enough so that the movements of the mouse cursor are not fast enough to catch up. Intermittent power law behavior can arise in optimally controlled dynamical systems [9, 10] and in systems tuned "at the edge of stability" [6, 7, 13] . A fundamental characteristic of these mechanisms is the presence of opposing agonostic-antagonistic mechanisms [24, 25] . In the context of VSB, the agonistic mechanism acting to increase the tracking error is the inverse quadratic potential, and the antagonistic mechanism acting to reduce the tracking error is related to the movements of the mouse cursor.
Power law behavior characterizes dynamical systems which exhibit intermittency. The loglog plot for R = 2.5 shown in Fig. 4 closely resembles that obtained by Patzelt and co-workers [10] . These investigators argued that a power law existed. The observation that the 'normalized' log-log plots shown in Fig. 5 are similar suggests that the same mechanisms underlie VSB for R = 2.5 and R ∼ 5.25 and the delayed pursuit-escape model. However, we were unable to demonstrate the presence of a statistically significant power law using techniques recently developed by Clauset, et al. [23] . It is important to note that the demonstration of power law behavior in experimentally obtained time series data is notoriously difficult [23, 26] , particularly when time series are short [27] and when other dynamical behavior co-exists with power law behavior [28] . Since different laboratories have utilized different computer hardware and software implementations to develop the VSB paradigm, it is possible that both R and the machine delay differ between laboratories and hence the total delay (machine plus neural) may be different (compare the values of R used in this study to those reported in [6] [7] [8] [9] [10] ). Finally it is possible that the instructions given to the subjects affect the strategy used to do VSB. In our experiments the subjects were instructed to "keep the target on the computer screen as long as possible" [6, 7, 19] . However, in other studies the subjects were instructed to "keep that computer mouse cursor as close to the target as possible" [8] [9] [10] . Clearly more investigations will be required before issues concerning power laws and VSB can be clarified.
A more powerful method to determine the existence of power law is through mathematical analyses of the delayed pursuit-escape model. We believe that this model represents an appropriate starting point: the model reproduces the oscillatory inter-relationship between pursuer and escapee, some of the statistical properties of the CCDF, and correctly draws attention to the existence of signatures for impending escape. However, despite the outward simplicity of this model, its analysis is difficult since our interest is on the nature of its transient behavior. There are two immediate goals for consideration. First, the definition of the signature of an impending escape needs to be made more precise. In the present study we identified such instances "by inspection". Second, the rate of escape as a function of tracking error in the model needs to be constructed to more closely mimic the quadratic potential used for VSB. In the present model this rate increases linearly with the tracking error and true escapes are not possible.
Two of the "grails" of neuroscience are the prediction of falls in the elderly and the occurrence of seizures in patients with epilepsy. If the occurrence of these medical emergencies can be predicted, then it may be possible to either prevent their occurrence and/or to minimize their consequences. Interestingly, each of these emergencies involves the failure of mechanisms to stabilize inherently unstable dynamical systems. Our observations strongly suggest that warning signs for these emergencies likely exist and hence the development of predictive strategies may indeed be possible.
where δ is the Dirac delta function, ∞ x=−∞ P (x, t) = 1, and we have assumed that the walker began at the origin x(0) = 0. When p = q = 0.5, the mean and variance are, respectively, 0 and t.
B. Delayed random walks
The delayed random walk in one-dimension differs from the simple random walk in two ways. First, the probability of moving to the left or right depends on the position of the walker at a time t − τ in the past, where τ is the time delay [29, 30] . Second, the concept of stability is included by assuming that the random walk takes place within a quadratic potential centered at x(0) [30, 31] . Consequently, (A-1) becomes P (x c , t + 1) = where P (x c , t; x p , t − τ ) is the joint probability such that X(t) = x c and X(t − τ ) = x p take place. f (x) and g(x) are transition probabilities for the walker to take the step to the negative (−1) and positive (+1) directions, respectively, given as Since we model a symmetric potential it follows that f (−x) = g(x). The random walk is said to be attractive with respect to the origin if f (x) > g(x) for x > 0 and repulsive if g(x) > f(x) for x > 0. It should be noted that when f = g = 0.5 (d = 0), these probabilities reduce to the simple random walk. With these assumptions, the statistical properties of the delayed random walker are equivalent to those predicted by the delayed Langevin equation [30, 31] .
